The elastic buckling behavior of a defect-free single-layered graphene sheet deposited on a strained InGaAs substrate is investigated. Such a buckled sandwich structure can be formed by local etching of an initially strained InGaAs substrate. We numerically investigated the necessary buckling conditions for a single-layered graphene sheet of circular geometry on an initially strained InGaAs thin plate. A criterion for buckling for various axisymmetric buckling shapes was obtained. It is shown that for a thin circular InGaAs plate with a monolayer graphene sheet of radius 80 nm and thickness 4 nm three axisymmetric buckling shapes can be obtained. For an initial value of the elastic deformation of the plate of 3%, the in-plane strain in graphene can reach a value of 1%. This deformation is shown to be distributed inhomogeneously along the radius of the graphene monolayer.
Introduction
Graphene is a material which offers much promise for future nanoelectronics because of its truly two-dimensional character providing for perfect electron confinement in one spatial dimension [1] . For building functional nanodevices such as single-electron transistors, quantum point contacts, or quantum dots (QDs), additional confinement in the two remaining dimensions is required. Due to the absence of an energy gap in the graphene spectrum, the latter task is rather demanding in a single-layer graphene sheet, in contrast to electrostatically defined QDs in semiconductors such as GaAs. One possibility to overcome this difficulty consists in using an etching procedure by which graphene flakes, nanoribbons, can be obtained from the graphene sheet [2] . Another possibility for the appearance of a gap in graphene sheet is the breaking of sublattice symmetry owing to graphene-substrate interaction [3, 4] .
It is known that stretching a graphene sheet along different directions never leads to the formation of an energy gap in the band structure of graphene [5] . Theoretically, a bandgap appears when the magnitude of the stretching reaches a value of 19%, but at this value of stretching breakage of atomic bonds in the graphene sheet occurs [6] . Recently, much research has been undertaken with the aim of artificially creating a charge transport gap in graphene. It was found that local deformations in graphene sheets strongly influence the flow of electrons across the system, causing suppression of conductance at low electron densities and making electrons in such cases behave as if they were confined in a nanoribbon or quantum dot [7, 8] .
Graphene, the first and only two-dimensional crystal in nature, has attracted considerable attention as a new unique electronic material. The stability of two-dimensional graphene membranes has been the subject of long-standing theoretical debates.
It is known that in a freely suspended state graphene membranes are not flat, having instead ripples, whose amplitude reaches 1 nm [9] . Artificial formation of threedimensional structures from a flat layer of graphene presents a very difficult problem. Recently, considerable interest was expressed not only in flat sheets of graphene but also in 3D structures on the basis that they can be formed using novel trends in nanostructuring. But one of the intrinsic features of graphene is ripples, similar to those seen on plastic wrap pulled tightly over a clamped edge. Induced by pre-existing strains in graphene, these ripples can strongly affect graphene's electronic properties, and not always favorably. The ripples are produced by using simple thermal manipulation with controlling their orientation, wavelength or amplitude [10] .
If the ripples can be controlled, they can be used to advantage in nanoscale devices and electronics, opening up a new opportunity in graphene engineering: strain-based devices or 'straintronics'. The ability to control and manipulate the ripples in graphene sheets represents the first important step toward strain-based graphene engineering. Control of local buckling on the graphene surface and generation of inhomogeneous in-plane elastic strains in graphene sheets offer a new engineering approach to the design of nanodevices [11] .
In the present study, we numerically investigate 3D shapes obtained by local buckling of a flat graphene sheet on a strained InGaAs bi-layer film on a GaAs substrate. In [12, 13] a method for building high-precision three-dimensional nanostructures was proposed. Because of the large misfit between the lattice constants of InAs and GaAs films (the lattice mismatch is about 7%), an elastic strain arises at the interface between these materials, which affects the local energy bandgap value in them. After the removal of an initially provided sacrificial Al layer, a strained structure tends to roll up like paper or can be buckled by local chemical etching due to the large in-plane interfacial elastic stresses existing in the InAs/GaAs bi-layer film [14] .
Method and model
Buckled shapes of graphene sheet on InGaAs bi-layer film can be obtained by solving the buckling problem for initially strained circular InGaAs thin plates covered by a graphene sheet with clamped boundary conditions at the plate edges. Since this task belongs to the category of nonlinear buckling problems, it has no analytical solution. However, there are many approximate methods for solving such problems. One such method is the linearization of the problem in the vicinity of critical elastic-stress values where the plate starts losing stability [15] . The second method is an energy-based variational method, more widely known as the Rayleigh-Ritz method [16] [17] [18] . The essence of the second method consists in using trial functions chosen so as to satisfy the boundary conditions. After minimization of the potential energy with respect to the unknown coefficients, we obtain a system of nonlinear algebraic equations in many variables. It should be noted that the main difficulty with this method is the solution of the resultant system of nonlinear polynomial equations. At present, there are few methods suitable for solving such equations. In practice, their successful implementation is defined by the computational experience of the researcher. If one knows an approximate solution of the problem, then the energy method makes it possible to rapidly obtain the solution with high accuracy. It should be noted, however, that the method is difficult to apply to intricately shaped plates because of the difficulties arising in generation of suitable trial functions. The majority of commercially available program packages based on the finite element method are incapable of solving such nonlinear problems. That is why in the present paper we treat the case of a strained circular InGaAs plate with graphene sheet overlay by the Rayleigh-Ritz method. For simplicity, we assume the elastic properties of the graphene film and the InGaAs substrate to be isotropic, and we consider only the linear part of the elastic stressstrain relationship for these materials. That allows us to investigate various axisymmetric buckling shapes of such sandwich structures and evaluate the elastic in-plane strain in the graphene sheet. Only axisymmetric buckling shapes are of interest for us. We treat the elastic properties of thin graphene sheets of monolayer thickness in a continuum approximation since the correctness of this approach has been sufficiently well verified [19] [20] [21] [22] [23] .
It is well known that large deflections of a thin plate from its equilibrium shape are governed by a system of nonlinear von Karman equations [24] . We will consider two buckling models for an InGaAs thin plate covered with a monolayer graphene sheet.
(1) The graphene sheet covers the surface of an initially strained InGaAs thin plate so that the graphene and plate surfaces at the interface can freely slip with respect to each other in the planar plane. The van der Waals forces acting between the graphene sheet and InGaAs plate surfaces are strong enough to provide adhesion (without voids) at the interface. (2) The graphene sheet covers the surface of an initially strained thin InGaAs plate so that at the interface we have a 'rigid' contact without sliding of their surfaces.
In the both cases, we assume that boundary conditions of a rigidly mounted plate are fulfilled around the perimeter of the graphene layer and the circular plate.
Numerical results

Model 1. Ideal sliding of surfaces at the interface
Consider the circular InGaAs thin plate of thickness h and radius R, which is covered with a graphene film of thickness h 1 and the same radius R (see figure 1 ). The Young modulus and the Poisson ratio of the plate material are E 1 and ν 1 , and those of graphene, E 2 and ν 2 . The normal displacements w 1 , w 2 and the Airy stress functions φ 1 , φ 2 at any point of the graphene/InGaAs structure can be expressed as a function of an applied axisymmetric pressure P(r ). The system of equations for the plate displacement w and for the Airy stress function φ is [25, 26] : for a InGaAs thin plate
for monolayer graphene
here,
2 )/12 are the bending rigidity for the InGaAs plate and graphene layer, respectively, P(r ) is the van der Waals pressure at the interface spacing between the monolayer graphene and InGaAs thin plate. In the vicinity of equilibrium, the van der Waals pressure should be a linear function of the difference of the deflections of the two adjacent layers at the point as follows: [27] , where c is the interaction coefficient. We assume that it can be approximately expressed as for a graphene monolayer sheet on SiO 2 layer [28] with constant c = 7200 MPa nm −1 and h 0 = 0.6 nm is the equilibrium separation between monolayer graphene and SiO 2 layer where the van der Waals force is zero.
The effect of an attractive van der Waals force at the interface of the graphene sheet and the InGaAs plate always works against noncoherent deflection (w 1 (r ) = w 2 (r )). In the case w 1 > w 2 > 0, for example, the effect works to increase the deflection w 2 of the graphene sheet, while the effect on the InGaAs plate reduces the deflection w 1 . The more coherent the deflection, the smaller the effect of the interface interaction against bending, and this effect vanishes at a perfectly coherent deflection configuration, in which the interaction energy remains minimized.
To solve equations (1)- (3), we assume that van der Waals forces are sufficiently strong that the graphene sheet and InGaAs plate deflect coherently in such a manner as w 1 (r ) = w 2 (r ) = w(r ). The van der Waals forces have an effect against any change in the interlayer spacing. In this case the effect of van der Waals forces disappears when the interlayer spacing remains unchanged. Knowing the coherent deflection w(r ) as the initial approximation to the solution we are able to solve the system (1) and (2) with a finite value of the van der Waals interaction coefficient c.
Eliminating the pressure P(r ) and assuming the initial strain in the InGaAs plate to be equal to ε 0 , we convert system (1) and (2) into the following equation system for elastic displacements w, u, and U :
,
We used the following expressions for the elastic stress and strain in the InGaAs plate [26] 
and in the graphene layer
Here u and U are the in-plane radial displacements in the InGaAs plate and in the graphene sheet, respectively. The thickness of the monolayer graphene is taken to be the interlayer spacing of bulk graphite h 1 = 0.335 nm. For InGaAs thin plate of radius R = 80 nm and thickness of h = 4 nm the initial strain value is taken to be |ε 0 | = 3% with parameters R/ h = 20, h 1 / h = 1/10. In our numerical calculations, we used the following values for the elastic constants, the Young modulus E and Poisson ratio ν: E 1 = 5 × 10 10 N m −2 and ν 1 = 0.352 for InGaAs; and E 2 = 1 × 10 12 N m −2 and ν 2 = 0.25 for graphene [20] . The most common way to handle nonlinear partial differential equations (3) consists in linearization of these equations in the vicinity of a point of interest [15, 29, 30] . This approach normally ensures good results provided that the linearization hypothesis holds. Indeed, the source of radial displacements in the plate and in the graphene layer is the displacement w. In turn, the main source of w is the initial strain ε 0 in the InGaAs plate. In establishing the criterion for buckling of an InGaAs plate covered with a graphene layer, we assume that the displacement w is small, and in (3) we can therefore omit all terms that contain the in-plane radial displacements u and U , which depend quadratically on w. Then, the first equation in (3) reduces to d 3 w
The solution of equation (8) is
where approximately B 1 ≈ 3.8317, B 2 ≈ 7.0156, and B 3 ≈ 10.1735. The parameter B is weakly dependent on the elastic properties of the graphene layer because the ratio D 2 /D 1 ≈ 0.0187 is small. This means that the InGaAs plate starts the buckling process immediately the critical value of B is reached, whether it is covered with graphene film or not. But, the influence of graphene film grows with increasing amplitude of deflection. Substituting the solution for w into the second and third equations of (3), we find a first approximation for the radial component of the displacements u and U in the InGaAs plate and in the graphene layer. Taking the boundary condition w(r ) = 0 at r = R into account, from (4) we obtain the deflection w as
In such a way the solutions obtained for displacements w, u and U can serve as an initial point for the energy method (see appendix A).
The buckling shapes of the circular InGaAs plate for the first three values of B are shown in figure 2 . Figures 3-5 show the deflection w and the in-plane radial and azimuthal strains, ε rr and ε θθ , in the graphene layer for the first three axisymmetric buckling shapes of the plate as obtained by the energy method (see appendix A). Circles are the solution for coherent (w 1 = w 2 ) buckling of the graphene sheet and InGaAs plate in the case of strong van der Waals forces and solid lines are the solutions with noncoherent (w 1 = w 2 ) buckling with a finite value of the interaction constant c = 7200 MPa nm −1 . One can see from figures 3-5 that for this value of interaction constant c the difference between coherent and noncoherent buckling is small, and therefore we can assume that there is a coherent buckling in the present case. Substituting the solutions for coherent buckling, which is not dependent on the van der Waals interaction constant c, on the left side of the first equation of system (1) or system (2), we can estimate the variation of w 2 (r )-w 1 (r ) in the case of noncoherent buckling with a finite value of the interaction constant c. This variation is inversely proportional to the interaction constant c. For a given value of the constant c = 7200 MPa nm −1 the variation |w 2 (r ) − w 1 (r )|/R does not exceed a value of 2.7 × 10 −4 for all three buckling shapes in figures 3-5. This is less than the interface spacing h 0 /R = 0.6/80 = 7.5 × 10 −3 between the graphene sheet and InGaAs plate. Figures 3-5 show that the in-plane strains in the graphene layer can reach a value of 1%.
Model 2. 'Rigid' contact (no sliding) of the surfaces at the interface
The equilibrium equations at large strains in a thin circular InGaAs plate with a graphene monolayer overlay (see appendix B) are
With the geometry in figure 6 and with the relations for the in-plane stresses and strains (B.2) and (B.3) taken into account, system (11) can be written as
Here w r and u r denote the derivative with respect to r . System (12) is more complex than the above-discussed system (3) for the 'slip' contact. The unknown functions w(R) and u(R) appear in the linear part of both equations in (12) . However, if we select the middle plane to lie at the distance δ = h/2 + (h/2)q(1 + h 1 / h)/(1 + q) from the bottom surface of the InGaAs plate (z = z 0 ), then, with
vanishes from both equations in (12) . Finally, the first nonlinear equation in (12) transforms so that its linear part become dependent only on dw/dr . The solution of this equation is 
In view of the boundary condition w(R) = 0 at r = R, for the deflection of the InGaAs plate covered with the graphene layer we obtain:
Substituting this value of w into the second equation in (12) and exactly solving the resulting equation, we find for the radial displacement u(r ):
and J 0 , J 1 and J 2 are the Bessel functions of zero, first and second order, respectively. Since P always exceeds unity ( √ P ≈ 1.86 in the case we consider in the present study), the buckling begins at a value of h/R almost two times smaller then those in the case of ideal sliding of the graphene sheet and InGaAs plate surfaces. Figure 7 compares the buckling shapes of the InGaAs plate with and without a graphene layer. In the computations, the following parameter values were adopted: R = 80 nm, h = 4 nm, R/ h = 20, h 1 / h = 1/10, and ε 0 = −3%. One can see a strong variation of the deflection amplitude of the circular plate as a function of contact type of the surfaces at the interface. Figures 8-12 display the shapes and spatial distributions of the radial and azimuthal in-plane strains in the graphene sheet for the case of no-slide ('rigid' contact) surfaces. Comparing figures 3-5 and figures 8-12 one can see that the radial and azimuthal in-plane strain distributions for the cases of 'sliding' and 'rigid' models are strikingly different.
Discussion
The three-dimensional buckled shapes of the considered graphene-InGaAs structures allows us to realize new unusual possibilities for influence of electric and magnetic fields to charge transport and quantum effects in such structures. For example, a homogeneous magnetic field directed normally to the surface of the buckled structure nonuniformly modulate two-dimensional electronic gas transport properties in the graphene sheet, because the perpendicular component of the magnetic field is nonuniform from one point to another in the graphene sheet. In other words, a two-dimensional electronic gas will follow the strong gradient of the magnetic field, leading to the phenomenon of asymmetry in magnetoresistance found in cylindrical structures [31] .
The buckled structures, shown in figure 2, can be placed in a uniform electric field, such as a capacitor. In this case the nonuniform electric field acts on the two-dimensional electronic gas and leads to p-n-p junction formation.
The deflection of the graphene sheet generates a pseudomagnetic field, which leads to formation of charge inhomogeneity and Landau levels in the graphene sheet [32] [33] [34] . In our estimation made by formulae in [32] [33] [34] , the magnitude of the pseudomagnetic field can reach a value of about 40 T for the buckled shape shown in figure 11(a) . For this magnitude of field, the magnetic length in the graphene sheet is about 10 nm. This magnetic length is smaller than the radius (80 nm) of a deflected graphene sheet.
If the top surface of the graphene sheet (see figure 2(b) ) of a buckled structure is in contact with the layered dielectric/metal plane we have the opportunity to create a local graphene/insulator/metal quantum contact structure. Feeding the control voltage of metal sheet, we can manage the local conductivity of graphene by inversion of the conductivity in the region in contact with the insulator. It is obvious that in the latter case we have a quantum ring. For given parameters of structures with a diameter of 80 nm and a ring width of only a few nanometers it is important to note that in this case the edge states will not appear because of the absence of abrupt ends of the graphene sheet. In fact, these structures can be the basis for a new electromechanical system with multiple stable states.
The stretching and deflection of local areas of graphene makes it possible to enhance the binding energy to adsorbents on the graphene surface, this possibility being important for sensor applications. One can also form local n-p-n junctions by organizing hydrogen adsorption onto stretched and deflected graphene sheets [35, 36] .
Another candidate for formation of a 3D sandwich structure could be a hybrid structure of the epitaxial film SiCgraphene. It should be noted that the patterns discussed in the article are also valid for this structure.
Conclusions
We have examined the buckling problem for a circular sandwich structure in the form of a graphene monolayer laid over the surface of a thin circular plate of strained InGaAs. A criterion for buckling for various axisymmetric buckling shapes was obtained. It was shown that for a thin circular InGaAs plate with a graphene monolayer of radius 80 nm and thickness 4 nm three axisymmetric buckling shapes can be realized. For an initial value of elastic deformation in the plate of 3%, the in-plane strain in the graphene can reach a value of 1%. In the graphene, this deformation is distributed inhomogeneously along the radius. 
